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Abstract 

This paper uses fractional integration techniques to examine the stochastic behaviour of 
high and low stock prices in Europe and then to test for the possible existence of long-
run linkages between them by looking at the range, i.e., the difference between the two 
logged series. Specifically, monthly, weekly and daily data on the following five 
European stock market indices are analysed: DAX30 (Germany), FTSE100 (UK), 
CAC40 (France), FTSE MIB40 (Italy) and IBEX35 (Spain). In all cases, the order of 
integration of the range is lower than that of the original series, which implies the 
existence of a long-run equilibrium relationship between high and low prices. Further, 
the estimated fractional differencing parameter is positive in all cases, which represents 
evidence of long memory.  
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1. Introduction 
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can be adequately represented as a process with multiple breaks and a short-run 

component. 

 

3. Methodology 

When testing for cointegration in a bivariate system as in the present case the usual 

assumption in the literature is that the individual series are integrated of order 1, i.e., 

I(1), while there exists a linear combination of the two which is integrated of order 0, 

i.e., I(0). However, the original definition of cointegration in the seminal paper of Engle 

and Granger (1987) does not restrict the orders of integration to be 1 or 0, but allows for 

fractional values d for the original series, and an order of cointegration equal to d - b 

(with b > 0) for their linear combination. This is the approach followed in the present 

study, which allows for any real values, d and b, as the order of integration of the series 

of interest. 

More specifically, a process {xt, t = 0, ±1, …} is said to be integrated of order d, 

and denoted as I(d) if it can be represented as: 

   (1) 

where L is the lag operator (Lxt = xt-1) and ut is (0), defined as a covariance-stationary 

process with a positive and bounded spectrum. Thus, ut can be a white noise but also a 

weakly autocorrela 
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Thus, if d = 0, xt is a short-memory or I(0) process (with the effects of shocks 

disappearing at an exponential rate if ut is AR(MA)), while d > 0 implies long memory 

behaviour, so-called because of the strong degree of dependence between observations 

far apart in time.2 Note also that, if d < 0.5, xt is covariance-�V�W�D�W�L�R�Q�D�U�\���� �Z�K�L�O�H�� �G�� �•�� ��������

indicates that the series is non-stationary (in the sense that the variance of the partial 

sums increases in magnitude with d); further, if d < 1 the series is mean-reverting, with 

the effects of shocks disappearing �L�Q�� �W�K�H�� �O�R�Q�J�� �U�X�Q���� �Z�K�L�O�H�� �G�� �•���� �L�P�S�O�L�H�V�� �O�D�F�N�� �R�I�� �P�H�D�Q��

reversion, with the effects of shocks persisting forever.  

 In this study we analyse the relationship between high and low prices as well as 

the range, defined as the difference between the two logged series and therefore not 

estimated using a regression model. As a first step, we estimate the orders of integration 

of the series by using the Whittle function in the frequency domain (Dahlhaus, 1989) 

and following a testing procedure developed by Robinson (1994) that is suitable for 

statistical inference even in the case of non-stationary series. Using this method, we test 

the null hypothesis: 

     (2) 

in (1) for any real value d0, where xt denotes the errors in a regression model of the 

form: 

   (3) 

where yt stands for the observed series, �D�Q�G�� �.�� �D�Q�G�� ���� �D�U�H�� �X�Q�N�Q�R�Z�Q�� �F�R�H�I�I�L�F�L�H�Q�W�V, 

specifically an intercept and a linear trend. 

 

 

                                                           
2 In this case (d > 0) the shocks disappear at a hyperbolic rate. 

,0: ddoH � 

,...,2,1, � ����� txtty t�E�D
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in all cases the estimates are reported for the two cases of white noise and 

autocorrelated (Bloomfield) disturbances.4 

[Insert Tables 1 and 2 about here] 

 In the case of the monthly series, under the assumption of white noise 

disturbances for both high and low prices the estimates of d are around 1 (sometimes 

below 1) and the unit root null hypothesis cannot be rejected in any case (see Table 1). 

However, those estimates are much smaller for the range, ranging between 0.27 (UK) 

and 0.43 (France), and the unit root null hypothesis is decisively rejected in all countries 

in favour of mean reversion and cointegration (d < 1). Interestingly, the null hypothesis 

d = 0 (consistent with the classical definition of cointegration) is also rejected this time 

in favour of d > 0. As for the results under the assumption of autocorrelated errors, the 

estimates of d for high and low prices are slightly smaller than the previous ones and the 

unit root null 
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Cheng et al. (2009) since they allow for the differencing parameter to take fractional 

values and therefore are able to capture a much greater variety of dynamic and long-run 

behaviours.  

The empirical findings suggest that the range is mean-reverting in all cases, 

which implies the existence of a long-run cointegrating relationship between these two 

series. This confirms the well-known finding in the literature that high and low prices 

move together in the long run also in the case of the European stock markets and when 

adopting a much more general empirical framework. Further, our results indicate the 

presence of long-memory behaviour in both high and low prices, since the estimated 

value of d is always positive. This evidence of persistence goes contrary to the EMH 

(see Fama, 1970). 

 Future research could investigate whether or not the range exhibits long memory 

in the US case as well. Further, alternative fractional cointegration methods such as the 

FCVAR model proposed by Johansen and Nielsen (2010, 2012) could be used as a 

robustness check. Finally, the forecasting properties of the range could be examined.  
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Table 1:  Results with MONTHLY data and UNCORRELATED disturbances 

Series: HIGH No terms An intercept A linear trend 

Spain 0.96  (0.85,  1.11) 1.09  (0.95,  1.29) 1.09  (0.95,  1.29) 

France 0.96  (0.85,  1.10) 1.09  (0.93,  1.32) 1.09  (0.93,  1.32) 

Germany 0.95  (0.84,  1.10) 0.96  (0.83,  1.15) 0.96  (0.82,  1.15) 

Italy 0.96  (0.84,  1.11) 1.05  (0.92,  1.23) 1.05  (0.92,  1.23) 

U.K. 0.96  (0.84,  1.10) 1.01  (0.87,  1.20) 1.01  (0.87,  1.20) 

Series: LOW No terms An intercept A linear trend 

Spain 0.96  (0.86,  1.11) 1.05  (0.90,  1.26) 1.05  (0.90,  1.26) 

France 0.96  (0.85,  1.11) 0.93  (0.78,  1.14) 0.93  (0.78,  1.14) 
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Table 3:  Results with WEEKLY data and UNCORRELATED disturbances 

Series: HIGH No terms An intercept A linear trend 

Spain 0.99  (0.93,  1.05) 1.11  (1.04,  1.19) 1.11  (1.04,  1.19) 

France 0.99  (0.93,  1.05) 1.07  (1.00,  1.15) 1.07  (1.00,  1.15) 

Germany 0.99  (0.93,  1.05) 1.07  (1.00,  1.14) 1.06  (1.00,  1.14) 

Italy 0.99  (0.93,  1.06) 1.16  (1.09,  1.25) 1.16  (1.09,  1.25) 

U.K. 0.99  (0.93,  1.05) 1.06  (0.99,  1.15) 1.06  (0.99,  1.15) 

Series: LOW No terms 
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Table 4:  Results with WEEKLY data and AUTOCORRELATED 

disturbances 

Series: HIGH No terms An intercept A linear trend 
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Table 6:  Results with DAILY data and AUTOCORRELATED disturbances 

Series: HIGH No terms An intercept A linear trend 

Spain 0.99  (0.95,  1.04) 0.94  (0.89,  1.00) 0.94  (0.89,  1.00) 

France 1.00  (0.95,  1.05) 0.93  (0.88,  0.99) 0.93  (0.88,  0.99) 

Germany 0.99  (0.95,  1.05) 0.97  (0.92,  1.03) 0.97  (0.92,  1.03) 

Italy 1.00  (0.95,  1.06) 0.96  (0.91,  1.01) 0.96  (0.91,  1.01) 

U.K. 1.00  (0.95,  1.06) 0.91  (0.86,  0.99) 0.91  (0.86,  0.99) 

Series: LOW No terms An intercept A linear trend 

Spain 1.00  (0.95,  1.05) 0.89  (0.85,  0.94) 0.89  (0.85,  0.94) 

France 1.00  (0.95,  1.06) 0.87  (0.83,  0.92) 0.87  (0.83,  0.92) 

Germany 1.00  (0.95,  1.06) 0.91  (0.87,  0.96) 0.91  (0.87,  0.96) 

Italy 1.00  (0.95,  1.05) 0.90  (0.86,  0.95) 0.90  (0.86,  0.95) 

U.K. 1.00  (0.95,  1.05) 0.90  (0.86,  0.94) 0.90  (0.86,  0.94) 

Series: RANGE No terms An intercept A linear trend 

Spain 0.44  (0.40,  0.48) 0.39  (0.34,  0.43) 0.37  (0.33,  0.42) 

France 0.45  (0.41,  0.49) 0.41  (0.37,  0.46) 0.40  (0.36,  0.45) 

Germany 0.44  (0.41,  0.48) 0.41  (0.37,  0.45) 0.41  (0.37,  0.45) 

Italy 0.46  (0.41,  0.50) 0.42  (0.37,  0.45) 0.41  (0.36,  0.46) 

U.K. 0.49  (0.45,  0.53) 0.45  (0.41,  0.50) 0.45  (0.41,  0.50) 
See the Notes to Table 1. 
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Table 8: Summary of the results for the weekly series 

Country Series No autocorrelation Autocorrelation 

 
Spain 

 

High 1.11  (1.04,  1.19) 0.98  (0.89,  1.09) 

Low 1.03  (0.96,  1.12) 0.84  (0.75,  0.94) 

Range 0.34  (0.28,  0.41) 0.30  (0.20,  0.41) 

     
France 

 

High 1.07  (1.00,  1.15) 0.94  (0.84,  1.07) 

Low 0.99  (0.92,  1.08) 0.78  (0.69,  0.89) 

Range 0.40  (0.34,  0.48) 0.36  (0.27,  0.48) 

     
Germany 

 

High 1.07  (1.00,  1.14) 1.00  (0.88,  1.14) 

Low 1.05  (0.97,  1.14) 0.80  (0.71,  0.91) 

Range 0.41  (0.36,  0.47) 0.43  (0.34,  0.54) 

     
Italy 

 

High 1.16  (1.09,  1.25) 0.98  (0.89,  1.11) 

Low 1.06  (0.99,  1.15) 0.84  (0.75,  0.96) 

Range 0.42  (0.35,  0.49) 0.31  (0.22,  0.42) 

     
UK 

 

High 1.06  (0.99,  1.15) 0.91  (0.81,  1.02) 

Low 1.02  (0.94,  1.11) 0.76  (0.68,  0.87) 

Range 0.40  (0.34,  0.47) 0.35  (0.27,  0.47) 
See the Notes to Table 1. 
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Table 9: Summary of the results for the daily series 

Country Series No autocorrelation Autocorrelation 

 
Spain 

 

High 1.06  (1.02,  1.10) 0.94  (0.89,  1.00) 

Low 1.06  (1.02,  1.10) 0.89  (0.85,  0.94) 

Range 0.34  (0.31,  0.37) 0.37  (0.33,  0.42) 

     
France 

 

High 1.04  (1.00,  1.08) 0.93  (0.88,  0.99) 

Low 1.05  (1.01,  1.09) 0.87  (0.83,  0.92) 

Range 0.37  (0.34,  0.40) 0.41  (0.37,  0.46) 

     
Germany 

 

High 1.05  (1.02,  1.09) 0.97  (0.92,  1.03) 

Low 1.06  (1.02,  1.10) 0.91  (0.87,  0.96) 

Range 0.36  (0.33,  0.38) 0.41  (0.37,  0.45) 

     
Italy 

 

High 1.07  (1.03,  1.11) 0.96  (0.91,  1.01) 

Low 1.08  (1.04,  1.13) 0.90  (0.86,  0.95) 

Range 0.36  (0.34,  0.39) 0.42  (0.37,  0.45) 

     
UK 

 

High 1.09  (1.05,  1.14) 0.91  (0.86,  0.99) 

Low 1.06  (1.02,  1.11) 0.90  (0.86,  0.94) 

Range 0.34  (0.32,  0.37) 0.45  (0.41,  0.50) 
See the Notes to Table 1. 

 


