
Gap probabilities and the determinant of the sine kernel
1-interval results
2-interval results

Transition from 1 interval to 2 intervals

A Transition in Gap Probabilities - from 1 Gap to 2



Gap probabilities and the determinant of the sine kernel
1-interval results
2-interval results

Transition from 1 interval to 2 intervals

Let Ks be the operator on L2(A) with the kernel

Ks(x ; y) =
sin s(x � y)

�(x � y)
:

For a wide class of random matrices , the probability of finding
no eigenvalues of a random matrix M on a set sA=� in the bulk
scaling limit is given by the Fredholm determinant det(I � Ks)A.
We focus on the asymptotic behaviour of det(I � Ks)A as s !1,
in particular the probability of large gaps sA=� where A is
composed of one or two intervals.
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We have seen results for 1 interval and 2 intervals.
The formula for 2 intervals held on

A = (�;��)
[

(�; �);

for fixed �; � ; � as s !1.
We study the case where � ! 0 simultaneously as s !1. We
present results for the regime s� ! 0.
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Theorem (F, Krasovsky)

For the constant 
 = 4
��1���1 , write � in the form

� = 
e�
s
p
j��j
w ; w = k + x ; k 2 N; x 2 [�1=2;1=2):

Then, as s !1 uniformly for � 2 (0; �0), where s�0 ! 0,

log det(I � Ks)A = log det(I � Ks)(�;�)

+ s
p
j��j

�
w � x2

w

�
+ c(k) + �(x) +O(maxfs�0; s�1g);

Let G be the Barnes’ G-function (G(k + 1) = �(k)G(k) and G(1) = 1).
Then

c(k) = log

 
22k2�k

�k
G(k + 1)4

G(2k + 1)

!
:
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Alternatively, let �j





We have presented results for the scalings�!0 ass! 1.It is work in progress to deal with�such thats�is bounded away

from 0 ands�! 1ass! 1. we see in the function�to be caused by the degeneration of

�-functions as�!0. are only intended for � 0xed�.
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This transition from one gap to two gaps has an interesting
parallel in the unitary random matrix ensembles exhibiting a
transition from one-cut support to two-cut support as in the "birth
of a cut", where asymptotic results for the correlation kernel
where given simultaneously by Bertola & Lee, Claeys, Mo
(’07)–(’09). Fluctuations of the same type were also witnessed
here.
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Method of proof

e2i s�
n

e�2i s�
n

e2i s�
n

e2i s�
n

J = J(n)

A

� �� � �

Define the Toeplitz determinant on the interval J by

Dn(�) = det(fj�k )n
j;k=1; fj =

Z
J

e�ij� d�
2�

We have the following link between the Toeplitz determinant and
the Fredholm determinant

lim
n!1

Dn;s(�) = det(I � Ks)A:
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Using the link with Toeplitz determinants, we reformulate the

problem in terms of orthogonal polynomials on the unit circle.

Specifi lcally, we fi lnd a differential identity

@

@�

logD

n;s (�'=�
1

2�

[F

n;s (e

�2is�

n

'+F

n;s

(e

2is�

n

']

whereF

n;s isgivenby

F

n;s

(z'=�nYn+1;21 (0'jYn;11 (z'j

2 + 2Y21;n+1

(0'< �

z

Yn;11 (z'

d

dz

Yn;11 (z'

�

:

Yisdefi lnedbyorthogonalpolynomials,butalsosolvesanRH

problemuniquely.
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e

2i

s

�

e

�

2i

s

�

e

2i

s

�

e

2i

s

�

J

=

J(n

)

Y

uniquely solves the RH problem(a)

Y

:

Cn

J

!

C2

�

2

is analytic;

(b)

Y

has

L2

integrable boundary values on

J:Y+
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asymptoticsforYasn!1,inthedoublescalinglimits !1,

� !0,s=n!0ands� !0,evaluatedatthepointse � 2is n

Thusweobtainasymptoticsfor

@�logDn; s

(�)

ThereafterweintegrateZ

�

00@�logDn; s(�)d�;
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