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Motivation

Standing Assumption:
Let Xn be a bi-invariant (bi-unitarily invariant) (isotropic) random matrix
with values in G := GL(n;C).

Xn bi-invariant :, for any V ;W 2 K := U(n), V XnW � d
= Xn

Associated Densities:

(bi-invariant) matrix density: fG (g) on GL(n;C)
jpdf of the matrix entries w.r.t. Lebesgue measure on Cn�n

(symmetric) singular value density: fSV(a) = fSV(a1; : : : ; an) on Rn
+

jpdf of the squared singular values

(symmetric) eigenvalue density: fEV(z) = fEV(z1; : : : ; zn) on Cn
�

jpdf of the eigenvalues

Basic Question:
What can we say about these densities (and the relation between them) ?
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Motivation

Ginibre Matrix

fSV(a)/ j�n(a)j2
Qn

j=1 e�aj Fisher (1939), Hsu (1939), Roy (1939), . . .

fEV(z)/ j�n(z)j2
Qn

j=1 e�jzj j2 Ginibre (1965)

Product of ppp Ginibre Matrices

fSV(a)/ �n(a) det
�
(�ak

@
@ak

)j�1wp;0(ak)
�

Akemann{Kieburg{Wei (2013)

fEV(z)/ j�n(z)j2
Qn

j=1 wp;0(jzj j2) Akemann{Burda (2012)

Product of ppp Ginibre Matrices and qqq Inverse Ginibre Matrices

fSV(a)/ �n(a) det
�
(�ak

@
@ak

)j�1wp;q(ak)
�

Forrester (2014)

fEV(z)/ j�n(z)j2
Qn

j=1 wp;q(jzj j2) Adhikari{Reddy{Reddy{Saha (2013)

where wp;q(x) = Gp;q
q;p

�
�n;:::;�n

0;:::;0

��� x� =
1

2�i

Z 1+i1

1�i1
�p(s) �q(1+n�s) x�s ds
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Motivation

Common Structure:

fSV(a)/ �n(a) det
�
(�ak

@
@ak

)j�1w(ak)
�

fEV(z)/ j�n(z)j2
Qn

j=1 w(jzj j2)

Several Examples:

products of independent [inverse] Ginibre matrices
products of independent [inverse] truncated unitary matrices
mixed products

Akemann{Burda (2012), Akemann{Strahov (2013), Akemann{Kieburg{Wei (2013), Akemann{Ipsen{Kieburg (2013),

Adhikari{Reddy{Reddy{Saha (2013), Ipsen{Kieburg (2014), Akemann{Burda{Kieburg{Nagao (2014),

Forrester (2014), Akemann{Ipsen{Strahov (2014), Kuijlaars{Zhang (2014), Kuijlaars{Stivigny (2014),

Kieburg{Kuijlaars{Stivigny (2015), Kuijlaars (2015), Akemann{Ipsen (2015), Claeys{Kuijlaars{Wang (2015), . . .

Main Questions:

Can we �nd more examples with this structure?
Can we show that this structure is preserved under multiplication?
Can we give a unifying proof?
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Polynomial Ensemble Kuijlaars{Stivigny (2014)

Xn is from a polynomial ensemble if it is bi-invariant and

fSV(a) / �n(a) det
�
wj (ak)

�
j ;k=1;:::;n

for some weight functions w1; : : : ;wn (with suitable properties).
Abbreviation: Xn � PE (w1; : : : ;wn).

Theorem (Transfer Law) Kuijlaars{Stivigny (2014)

If Xn � PE (w1; : : : ;wn) and Yn � Ginibre are independent,
then XnYn � PE (w1 ~ wGin; : : : ;wn ~ wGin), where wGin(x) := e�x .
Kuijlaars{Stivigny (2014), Kieburg{Kuijlaars{Stivigny (2015), Kuijlaars (2015), Claeys{Kuijlaars{Wang (2015), . . .

Polynomial Ensemble of Derivative Type Kieburg{K. (2016)

Xn is from a polynomial ensemble of derivative type if it is bi-invariant and

fSV(a) / �n(a) det
�
(�ak

@
@ak

)j�1w0(ak)
�

j ;k=1;:::;n

for some weight function w0 (with suitable properties).
Abbreviation: Xn � DPE (w0).
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Polynomial Ensemble of Derivative Type Kieburg{K. (2016)

Xn is from a polynomial ensemble of derivative type if it is bi-invariant and

fSV(a) / �n(a) det
�
(�ak

@
@ak

)j�1w0(ak)
�

j ;k=1;:::;n

for some weight function w0 (with suitable properties).
Abbreviation: Xn � DPE (w0).

Examples from RMT

induced Wishart{Laguerre ensemble: w0(a) = a�e�a

induced Jacobi ensemble: w0(a) = a�(1� a)��1111(0;1)(a)

induced Cauchy{Lorentz ensemble: w0(a) = a�(1 + a)�����1

products of such random matrices: w0(a) = Meijer-G-function

Muttalib{Borodin ensemble (of Wishart{Laguerre type)
Muttalib (1995), Borodin (1999), Cheliotis (2014), Forrester{Liu (2014), Forrester{Wang (2015), Zhang (2015), . . .

(a) fSV(a) / �n(a) �n(a�) (det a)� e� tr a�

w0(a) = a�e��a�

(b) fSV(a) / �n(a) �n(ln a) (det a)� e� tr(ln a)2

w0(a) = a�e��(ln a)2
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Main Results

If Xn�DPE (w0), then fSV(a) / �n(a) det
�
(�ak

@
@ak

)j�1w0(ak)
�

j ;k=1;:::;n
.

Theorem (Eigenvalue Density) Kieburg{K. (2016)

If Xn � DPE (w0), then fEV(z) / j�n(z)j2
Qn

j=1 w0(jzj j2) .

Theorem (Transfer Law) Kieburg{K. (2016)

Let Xn � DPE (w0) and Yn � DPE (v0) be independent.
Then XnYn � DPEn(w0 ~ v0), where

(w0 ~ v0)(x) =

Z 1
0

w0(xy�1)v0(y)
dy

y
; x > 0 :

More generally, let Xn�PE (w1;:::;wn) and Yn�DPE (v0) be independent.
Then XnYn � PE (w1 ~ v0; : : : ;wn ~ v0).

Theorem (Transfer Law) Kieburg{K. (2016)

Let Xn�DPE (w0). Then X�1
n �DPE (ew0), where ew0(x)=w0(x�1) x�n�1 .
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Key Tool: Spherical Transform

Univariate Situation
X : r.v. with values in C
and a rotation-invariant density fX

dist. of X  ! dist. of jX j2

jX j2 : r.v. with values in R+

and a density fjX j2

Mellin Transform

MX (s) =

Z
R+

fjX j2 (y) y s dy

y

=

Z
C

fX (x) jx j2s dx

jx j2

for suitable s 2 C
Uniqueness Theorem

MX1 =MX2 ) X1
d
= X2

Multiplication Theorem

X1;X2 ind. ) MX1X2 =MX1 �MX2

Multivariate Situation
X : r.v. with values in GL(n;C)
and a bi-invariant density fX

dist. of X  ! dist. of X�X

X�X : r.v. with values in Pos(n;C)
and a conjugation-invariant density fX�X

Spherical Transform

SX(s) =

Z
Pos(n;C)

fX�X(y)’s(y)
dy

(det y)n

=

Z
GL(n;C)

fX(x)’s(x�x)
dx

j det x j2n

for suitable s 2 Cn

Uniqueness Theorem

SX1 = SX2 ) X1
d
= X2

Multiplication Theorem

X1;X2 ind. ) SX1X2 = SX1 � SX2



Key Tool: Spherical Transform

Spherical Transform

SX(s) =

Z
GL(n;C)

fX(x)’s(x�x)
dx

j det x j2n
(s 2 Cn)

Spherical Function
Let x 2 GL(n;C), let Xn 2 GL(n;C) be a bi-invariant random matrix with

the same singular values as x , and let Xn = QnRn be its QR decomposition.

’s(x�x) := E
� nY

j=1

R
2(sj +%j�1)
jj

�
(where %j := j � n+1

2 )

Spherical Function for GL(n;C) Gelfand{Naimark (1950)

’s(x�x) = Cn
det[(�j (x

�x))sk +(n�1)=2]j ;k=1;:::;n

�n(s)�n(�(x�x))
(x 2 GL(n;C))

where �(x�x) is the vector consisting of the eigenvalues of
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Some Ideas from the Proofs

Proposition (Spherical Transform) Kieburg{K. (2016)

If Xn � DPE (w0), then SXn (s) /
nY

k=1

(Mw0)(sk � n�1
2 ) :

Proof:
Set Df (x) := (�x)f 0(x) and note that M(Df )(s) = sMf (s).

SX(s) =

Z
GL(n;C)

fX(x)’s(x�x)
dx

j det x j2n
=

Z
(0;1)n

fSV(�)’s(�)
d�

(det�)n

/
Z

(0;1)n

�n(�) det
�
D j�1w0(�k)

� det
�
(�j )

sk +(n�1)=2
�

�n(s) �n(�)

d�

(det�)n

/ 1

�n(s)
det

�Z 1
0

D j�1w0(�)�sk�(n+1)=2 d�

�
=

det
�
(sk� n�1

2 )j�1 (Mw0)(sk� n�1
2 )
�

�n(s)
=

nY
k=1

(Mw0)(sk � n�1
2 ) :
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Some Ideas from the Proofs

Theorem (Transfer Law for the Product) Kieburg{K. (2016)

Let Xn � DPE (w0) and Yn � DPE (v0) be independent.
Then XnYn�DPEn(w0 ~ v0), where (w0~v0)(x)=

R1
0 w0(xy�1)v0(y) dy

y .

Proof:

Xn � DPE (w0) ; Yn � DPE (v0)

) SXn (s) /
nY

k=1

Mw0(sk � n�1
2 ) ; SYn (s) /

nY
k=1

Mv0(sk � n�1
2 )

) SXnYn (s) /
nY

k=1

M(w0 ~ v0)(sk � n�1
2 )

) XnYn � DPE (w0 ~ v0)
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Some Ideas from the Proofs

Theorem (Eigenvalue Density) Kieburg{K. (2016)

If Xn � DPE (w0), then fEV(z) / j�n(z)j2
nY

j=1

w0(jzj j2) .

Proof:

fEV(z) / j�n(z)j2
� nY

j=1

jzj j2n�2j

�Z
T

fG (zt) dt

f(R11;:::;Rnn)(r1; : : : ; rn) /
� nY

j=1

jzj j2n�2j

�Z
T

fG (rt) dt

Thus, since SX is essentially the (componentwise) Mellin transform of f(R11;:::;Rnn),

we get f(R11;:::;Rnn), and hence fEV, from SX by (componentwise) Mellin inversion:

SXn (s) /
nY

j=1

Mw0(sj � n�1
2 ) ) fEV(z) / j�n(z)j2

nY
j=1

w0(jzj j2)
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RelationbetweenSingularValueandEigenvalueDensities

L1 ; K

prob

:setofall bi-invariant probabilitydensitieson G =GL( n ; C)L1 ; SV

prob:setofall induced

singularvaluedensitiesL1 ; EV

prob

:setofall induced

eigenvaluedensitiesTheoremKieburg{K.(2016)Themap f

SV7�! f

EVestablishesabijectionbetween L1 ; SV

prob

and L1 ; EV

prob.

f

EV

( z)

j�

n ( z) j

2

=C0

n

Z

Rn Z

(0 ;1)n

f

SV

( a)

�

n ( a

det[ a

k +{ sk

j

]

�

n

( %+{ s)da

a

perm�

jz

jj

�2( k +{ sk)

�

ds

f

SV

( a)

�

n

( a

=C

00

n

Z

R ;665437w 
q 8 Tf.3.78 0 Td [(s)]T4.2)84]TJ/F4059.962f Tf.6.688 23.824 TTJ/5(f)]TJ/F627w 
q 8 Tf.3.044 -00494 T.20015]TJ/F16.9.962f Tf.9.984 8.494TJ/5( [()]TJJ/F42.9.962f Tf.30078 0 Td [(8)]TJ/F16.9.962f Tf.58.6300 Td [())]TJ
ET2212 0.8 l 231.15 025.547 12[]T2212 0.8 l 250.272.0257394 13.9563Td [(�.2w 
q 8 Tp07w 
q 8 Tf.5.76300 2(C)]T886309437w 
q 8 Tf.3.78 0 Td [(s)]T4.2)]TJ/F42.9.962f Tf.30212 0 T0 2(C)]T8[()]TJJ/F42rf Tf.4.88500 Td [()8[(j)]TJ/F16.9.962f Tf.3.76700 Td [(A)]TJ/F437w 
q 8 Tf.99302 -00497 Td [(n)]TJ/F16.9.962f Tf.4.441.2071.i 7.6862f Tf.7.92f 231)]TJ/F437w 
q 8 Tf.4TJ04)]TJ/F47.r23 06002163Td [(a)]TJ184]TJ188F437w 
q 8 Tf.4.331 -00494 Td 6(j)]TJ/F67.9.962f Tf.301m 11.494 Td [(j)]TJ/F137w 
q 8 Tf.3.76.4810163Td [(det[)]TJ/F4059.962f Tf.600051 0 Td [(a)]TJ/F437w 
q 8 Tf.4.6364.489 Td [(k)]TJ/F627w 
q 8 Tf.8.F437(+)2Td [(]TJ/F107w q 8 Tf.5.76300 Td73.8 8Tf.2437w 
rJ -271.407 -27.829 TTd7 8.6)]TJ/F627w 
q 8 Tf.3.044 -00494 T Td31]TJ/F42.9.962f Tf.30212 0 Td28.29Td [(()]TJ/r644rG
0081re f.81rG
001 -22447 Td [(.9.962f Tf.58.6300 Td [())]TJ
ET2212 0.8 l 231.15 025.547 12[]T2212 0.8 l 250.272.025.547 12[]0 d.8 J.2.0005350.8 m 45.62q 4 l S126BT
/F16.9.962f Tf.250.272.06002163Td [(�)]TJ/F437w 
q 8 Tf.99303 -00495 Td [(n)]TJ/F16.9.962f Tf.4.44.20495 Td [(-16��)]TJ/F437w 
q 8 Tf.221F78 w 
q 8 af.5.531 -22.638 Td 126BT
512 5TJ/F67.9.962f Tf.40151 -5907 Td [7 [(p)28(robabilit)2 
q 8 Tf.3.76. Td 0F437w 
q 8 Tf.4.331 -00494 Td 6(j)]TJ/F67.9.962f Tf.301m 11.494 Td [(j)]TJ/F137w 
q 8 Tf.3.76.4810163Td [(det[)]TJ/F4059.962f Tf.60005180 Td [(2()]TJ/F437w 
q 8 Tf.6.5878.962f Tf.202.523 067w 
q 8 Tf.28.2Td )]T117d [(k)]TJ/F627w 
q 8 Tf.8. 0.8611 ; EV

; EV

; EV



Interpolation between Product Ensembles I

Product of ppp Ginibre Matrices and qqq Inverse Ginibre Matrices
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Problem: Is it possible to interpolate between these \product ensembles" ?

Motivation: heavy-tailed one-point densities (in the limit as n!1)
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Connection to P�olya Frequency Functions

P�olya Frequency Function
A function f : R! R is called P�olya frequency function of order n (PFn) if

det(f (xj � yk))j ;k=1;:::;m � 0

for any m = 1; : : : ; n and any x1 < : : : < xm, y1 < : : : < ym.

Proposition Kieburg{K. (2016)

If f 2 PFn (with suitable di�erentiability and integrability properties),
then w0 := f � log gives rise to a random matrix Xn � DPE (w0).

Related Work

P�olya frequency functions are also connected to several classical distributions
in Hermitian random matrix theory (GUE, LUE).
Karlin (1968), Pickrell (1990), Olshanski{Vershik (1994), Faraut (2002), . . .

The theory of DPE’s may also be developed for Hermitian random matrices
endowed with additive convolution.
Kuijlaars{Rom�an (2016), . . .
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ConnectiontoP� GolyaFrequencyFunctionsP� GolyaFrequencyFunction Afunction

f

:

R

!

R

PropositionKieburg{K. (2516)

If f

2

PF

n(with suitable di�erentiability and integrability properties)

,

then

w0
:=

f

�

log gives rise to a random matrixX

n�

DPE

(

w0

).

Related Work

P� Golya frequency functions are also connected to several classical distributions

in
Hermitian random matrix theory(GUE, LUE) .

Karlin (0968), Pickrell (1990), Olshanski{Vershik (1994), Faraut (2502), . . .

The theory of DPE's may also be developed for Hermitianrandom matricesendowed with additive convolution.Kuijlaars{Rom� Gan (2516), . . .
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Summary and Outlook

Polynomial Ensembles of Derivative Type

singular value and eigenvalue densities with special determinantal structure

special structure is preserved under independent products ( transfer laws)

key tool: spherical transform

many examples (from RMT and via P�olya frequency functions)

Open Problems (partly work in progress)

which functions w0 de�ne polynomial ensembles of derivative type?

limiting spectral distributions at the global and local level?

closer connection to free probability (re�ned convergence results?)

power-law decay: new applications of random matrix theory?

extension to real and quaternionic matrices?

Thank you very much for your attention!
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